Introduction
The purpose of this paper is to construct a divisorial valuation with irrational volume. Let (R, m, C) be an n-dimensional noetherian local ring and consider a rank one valuation v of its fraction field centered on R (ie. v is nonnegative on R and strictly positive on m). of an m-primary ideal a ⊆ R. In fact, if q m = a m for a fixed ideal a then it is evident that e(a) = vol(v). The volume of a valuation has implicitly been studied already in [4] , but it was first explicitly defined in [5] . The terminology is intended to emphasize the relation with global invariants of linear series on projective varieties.
A natural question is to what extent the properties of vol(v) mirror those of the Samuel multiplicity. A result of [5] and [9] asserts that vol(v) = lim m→∞ e(qm) m n (3) so in any event the volume is governed by multiplicity. A basic fact about multiplicitywhich is not apparent from the definition above -is that e(a) is always an integer. However, simple examples show that this is false for the volume:
Example. Consider the monomial valuation of C(x, y) centered at the origin of A 2 and defined by v(x) = 1, v(y) = α for α ∈ R. It follows directly from the definition that
which is irrational if α is.
In the example however, the irrationality was 'built into' the valuation in the sense that if one chooses α to be rational then the volume will also be rational. On the other hand, suppose v is a divisorial valuation, that is, a valuation with rk v = 1 and tr.deg C v = n − 1 (or, in other words, a valuation attached to an irreducible exceptional divisor of a birational map). In dimension two, Cutkosky and Srinivas ( [4] , Corollary 1) prove that under mild hypotheses the volume is indeed rational. Their proof relies on the existence of Zariski decompositions on surfaces. Our objective here is to show that in higher dimensions there are divisorial valuations with irrational volume.
Specifically, we prove
Note that divisorial valuations always have value group Z. A related invariant of a valuation is the associated graded ring
It is easily observed (for a proof see for example [5] ) that if gr v R is finitely generated then vol(v) is rational. As a consequence we obtain a simple construction of a divisorial valuation whose associated graded ring is not finitely generated (another example of this phenomenon has been described in [1] , Proposition 2).
The construction uses in particular ideas suggested by [4] and recent irrationality results on asymptotic invariants of algebraic varieties ( [2] , [3] ). One starts with a smooth curve C ⊆ P 3 with irrational asymptotic Castelnuovo-Mumford regularity. Realizing P 3 as the exceptional divisor of Bl 0 (C 4 ) the order of vanishing along C determines a divisorial valuation on C 4 . We relate the asymptotic regularity of C to the volume of the resulting valuation to arrive at the desired conclusion.
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A volume formula for certain divisorial valuations
In this section we give an explicit formula for the volume of divisorial valuations of a certain kind. We will consider valuations v of the field C(x 1 , . . . , x n ) centered at the origin o of A n , hence the local ring will be R = O A n ,o . The divisorial valuations in question will be constructed by two successive blowups as follows: we start with the blowup π : W = Bl o (A n ) → A n of the origin with exceptional divisor V ≃ P n−1 . Next, we pick a smooth subvariety T ⊆ V and form the blow-up p : Y = Bl T (W ) → W of W along T with exceptional divisor E. We denote the composition p • π by f . The valuation v is the valuation determined by E; hence its valuation ring is O Y,E .
We will obtain an explicit formula for the colengths of the valuation ideals q m in terms of the cohomology of the ideal sheaf I T ⊆ O P n−1 of T in P n−1 .
Proposition 2.1. With notation as above,
, x n ] if and only if π
* h vanishes on T to order at least m. Since the order of vanishing on T is a local invariant, we can make computations in local coordinates. Specifically, in suitable local coordinates on an affine open subset U ⊆ W meeting T , π is given by (
Here g d ∈ C[x 2 , . . . , x n ] is a degree d polynomial and for d 1 = d 2 the set of coefficients a i1i2...in involved in the polynomials g d1 and g d2 are disjoint. Therefore the conditions we get on the vanishing of various derivatives of the g di 's are independent for different d i 's. We compute the partial derivatives of π
For π * h to vanish on T up to order m is the same as asking ∂ 
Corollary 2.1. Let v be a divisorial valuation of C(x 1 , . . . , x n ) centered at the origin of A n as in the construction above. Then
3. An example of a divisorial valuation with irrational volume
Based on the construction of the previous section we will exhibit an example of a divisorial valuation with irrational volume. As said earlier, this example also establishes the existence of a divisorial valuation whose associated graded ring is not finitely generated. The source of irrationality is the choice of a certain configuration C ⊆ S ⊆ P n−1 with C having irrational asymptotic regularity (for the basic results on asymptotic Castelnuovo-Mumford regularity the reader can consult [6] , Section 1.8). The known examples of asymptotic irregularity involve either K3 or abelian surfaces. The instance we will use is the K3 surface constructed in [2] .
Using [8] , Theorem 2.9., Cutkosky shows that there exists a K3 surface S such that Pic(X) ≃ Z 3 and its intersection form is q(x, y, z) = 4x 2 − 4y 2 − 4z 2 in suitable coordinates. We choose this surface S for our computations. Then S ⊆ P 3 is a degree four surface, whose nef cone and the effective cone are equal and given by
where h is any ample class on S. Even though S ⊆ P 3 has degree four, for the clarity of the exposition we will write d for its degree throughout the paper. Fix a very ample divisor H on S that embeds it into P 3 with degree d and pick C to be an effective divisor such that the line tH − C in the Néron-Severi space intersects the boundary of the nef cone at the irrational value λ. Then the asymptotic irregularity λ of C with respect to the fixed very ample divisor H will be irrational ( [2] ). In the computations we will choose H = (1, 0, 0) and C = (9, 1, 1) on our K3 surface.
The main ingredients of the volume formula of the previous section are the dimensions of the cohomology groups H 0 P 3 , I r C (m) which we will relate to the cohomology of certain divisors on the blowup of C ⊆ P 3 . Let H ′ ⊆ P 3 be a hyperplane such that H ′ · S = H and denote the exceptional divisor of the blowup π : X = Bl C P 3 → P 3 by F . Then F = π −1 C and π * S = S + F with S the strict transform of S. In what follows let
, Proposition 10.2), and hence
for all i, m, r ≥ 0. The dimensions of the cohomology groups appearing in (10) can be computed explicitly for i = 0 thanks to Riemann-Roch. We will then interpret the sum of the dominant terms of the h 0 P 3 , I r C (m) 's appearing in the volume formula as a Riemann sum for a certain integral. The integrals are computed using the parameterizations The integrals in the proposition are illustrated in Figure 1 . We next give a detailed description of our results while postponing the proofs to the last section. First, we explain the computation of h 0 X, mH − rF = h 0 P 3 , I r C (m) . There are three cases to the computation, depending on the ratio m r . We will show that if
In the case m r < λ we will prove
which used iteratively will either lead back to the previous case -if
. This is illustrated on Figure 2 by the arrows between the dots. We summarize these results in the next proposition. 
We obtain the integral expression for the volume of v with these computations along with the volume formula of the previous section. Using the formula of Proposition 3.1 we can explicitly calculate the volume of the corresponding valuation (for example with the computer algebra package Maple). The result
is indeed irrational.
Proofs
This section contains the proofs of Propositions 3.1 and 3.2. Before we move on to the proofs themselves, we make some observations. We keep the notation of the previous sections.
First, by Kodaira vanishing on S and the description of the effective cone one has
Next, we set up a short exact sequence that we will use repeatedly. Specifically, tensoring the sequence
for all m, r ≥ 0 via the isomorphisms
and
We next prove Proposition 3. Finally, we move on to the proof of the integral formula for the volume. Proof of 3.1: According to the volume formula of Section 2.,
In terms of the (r, m)-plane, we add the terms h 0 X, mH − rF on the line segment m+ r = k (m, r ≥ 0) for fixed k. First we introduce some notation. Let 
Riemann-Roch theorem on 3-folds implies that
and so χ (d⌊j(i)l⌋ + j(i)) H − ⌊j(i)l⌋F = (d⌊j(i)l⌋ + j(i)) H − ⌊j(i)l⌋F
For n ∈ N and x ∈ R one has |x − 1 n ⌊nx⌋| ≤ 
